The bond-propagation (BP) algorithm for the specific heat of the two dimensional Ising model is developed and that for the internal energy is completed. Using these algorithms, we study the critical internal energy and specific heat of the model on the square lattice and triangular lattice with free boundaries. Comparing with previous works [X.-T. Wu et al Phys. Rev. E 86, 041149 (2012) and Phys. Rev. E 87, 022124 (2013)], we reach much higher accuracy (10 −26 ) of the internal energy and specific heat,compared to the accuracy 10 −11 of the internal energy and 10 −9 of the specific heat reached in the previous works. This leads to much more accurate estimations of the edge and corner terms. The exact values of some edge and corner terms are therefore conjectured. The accurate forms of finite-size scaling for the internal energy and specific heat are determined for the rectangle-shaped square lattice with various aspect ratios and various shaped triangular lattice. For the rectangle-shaped square and triangular lattices and the triangle-shaped triangular lattice, there is no logarithmic correction terms of order higher than 1/S, with S the area of the system. For the triangular lattice in rhombus, trapezoid and hexagonal shapes, there exist logarithmic correction terms of order higher than 1/S for the internal energy, and logarithmic correction terms of all orders for the specific heat.
I. INTRODUCTION
The finite-size scaling theory, introduced by Fisher, finds extensive applications in the analysis of experimental, Monte Carlo, and transfer-matrix data, as well as in recent theoretical developments related to conformal invariance [1] [2] [3] [4] . Exact solutions on the Ising model have been used to determine the form of finite-size scaling. Exact results of the model on finite sizes with various boundaries have been studied intensively [5, 6, [8] [9] [10] [11] [12] [13] [14] . Detailed knowledge has been obtained for the torus case [10, 11] , for helical boundary conditions [12] , for Brascamp-Kunz boundary conditions [13, 14] and for infinitely long cylinder [15] .
It is well known that the two-dimensional (2D) Ising model has been studied very intensively. However the solution for a 2D system with free boundaries, i.e., with free edges and sharp corners, is difficult and not well studied up to now. Although there are Monte Carlo and transfer matrix studies on this problem [16, 17] , the accuracy, or the system sizes achieved, is not enough to extract the finite-size corrections. Meanwhile, for 2D critical systems, a huge amount of knowledge has been obtained by the application of the powerful techniques of integrability and conformal field theory (CFT) [3, 4, 18] . Cardy and Peschel predicted that the next sub-dominant contribution to the free energy on a square comes from the * wuxt@bnu.edu.cn † izmail@yerphi.am ‡ waguo@bnu.edu.cn corners [4] , which is universal, and related to the central charge c in the continuum limit. Along this direction, boundary conformal field theory has been studied intensively to treat critical systems with free boundaries in recent years [19, 20] . It plays a fundamental role in our understanding of logarithmic conformal field theory [21, 22] , of the Kondo effect [23] , of the physics of quantum impurities or the Fermi edge singularity [24] , of local and global quenches in one-dimensional quantum systems [25, 26] , and, in the relationship between conformal field theory and the Schramm Loewner Evolution formalism [27] . However, till now there is few studies on lattice model, say Ising model, with free boundary condition to compare with the CFT results.
Recently there appear two successful approaches to solve the 2D Ising model with free boundaries. Vernier and Jacobsen [28] conjectured an exact analytic formula for the corner free energy of the Ising model on the square lattice. The asymptotic behavior upon approaching the critical temperature is shown to be consistent with CFT results. The other way is to use the bond propagation (BP) algorithm, which was developed for computing the partition function of the Ising model in two dimensions [29, 30] . It is much faster than Monte Carlo simulation, and costs moderate memory comparing with the transfer matrix method. Very large system size can be reached. With this algorithm, the calculations have been carried out on square and triangular lattices with free boundaries [33, 34] . The results of free energy are surprisingly accurate to 10 −26 . Fitting the assumed finite-size scaling formula to the data, the edge and corner terms were obtained very accurately. For example, from the corner term on the square lattice with rectangle shape [33] , the central charge of Ising model was estimated as c = 0.5±1×10 −10 , compared with the CFT result c = 0.5 [4] .
In the previous work [33, 34] , the critical internal energy and specific heat have also been studied by numerical differentiation of free energy [33, 34] . However, the numerical differentiation process limits the accuracy to 10 −11 and 10 −9 , respectively, which is much lower than that of the free energy. Therefore the authors could not determine the accurate expansion form for the internal energy and specific heat. For example, the authors could not extract the logarithmic correction at the third and fourth order in the expansions.
In this paper we use the BP algorithm for internal energy and specific heat, rather than differentiation method, to study the critical internal energy and specific heat on the square and triangular lattices with free boundaries. The Y − ∆ transformation in BP algorithm for internal energy was given by Loh et.al [30] . In this paper, we derive the BP series reduction for the internal energy, and make the algorithm completed. We also develop the BP algorithm for specific heat. Using these algorithms, the accuracy of internal energy and specific heat reaches the same level as that of free energy, which is 10 −26 . Fitting to these results, we obtain very accurate expansion of the internal energy and specific heat. The accurate expansions is helpful to the CFT and renormalization group (RG) study on this kind of problem [31] .
For the square lattice, the rectangular shape with size M × N are studied. Five aspect ratios ρ = M/N = 1, 2, 4, 8, 16 are investigated. It is shown that the edge and corner internal energy are independent of aspect ratio, and there is no logarithmic correction term of order higher than 1/N 2 . For the triangular lattice, five shapes: triangular, rhomboid, trapezoid, hexagonal and rectangular, are studied. The logarithmic corrections terms ln N/N 4 , ln N/N 5 , · · · are found in the internal energy density, and logarithmic correction terms ln N/N 3 , ln N/N 4 , · · · are found in the specific heat for the rhomboid, trapezoid and hexagonal shape, while there are no such terms for the triangular and rectangular shape. The exact values of some edge and corner terms are conjectured with the help of high accurate data.
Our paper is organized as follows. First we derive the BP algorithm for the specific heat section II. In section III, we give the result of internal energy and specific heat for the square lattice in rectangular shape. In section IV, we present results for the triangular lattice in five shapes. We summarize in Section V.
II. BP ALGORITHM FOR SPECIFIC HEAT
The partition function of the Ising model on a 2D lattice is where the Hamiltonian is given by
where J ij = βK ij and K ij = K are the homogeneous couplings. The free energy density is defined as
where F, S are the total free energy and number of spins or the area of the system respectively. The internal energy and specific heat density can be computed from
and
where U, C are the total internal energy and heat capacity. Note here the definition of internal energy is different from the ordinary one in the sign. Along the the same route as the BP algorithm for the internal energy in reference [30] , we develop the BP algorithm for the specific heat. Using these algorithm, we can avoid numerical differentiation used in previous works [33, 34] and obtain much accurate results. For the convenience of the interested readers, we give the details of our algorithm here.
The scheme of the BP algorithm is given in [29, 30] . Two main transformations: BP series reduction and BP Y-∆ transformation, as shown in Fig. 1 
F, U and C is set to zero initially. All couplings and F, U, C change values in each step. As the transformations are completed, i.e., all bonds are eliminated by the BP algorithm, the final results of F, U and C are obtained as the total free energy, internal energy and heat capacity, respectively.
At first, let us discuss the BP "series" reduction for the specific heat. It corresponds to integrating out a spin with two neighbors, generating effective couplings
where the quadratic terms not involving σ 0 are col-
, respectively, according to the couplings. In each step, we have F → F + δF , U → U + δU and C → C + δC. Since H 
This is the BP series transformation for the partition function [29, 30] , which requires
The solution is given by
with δf = e δF and j ij = e −Jij . Equating the prefactors of H ′ ex in the two sides of Eq. (7) yields
which leads to
. (12) Substituting Eq. (9) into above equation, we obtain
with solution given by
In fact these transformations are the BP series reduction for the internal energy. Although the Y − ∆ transformations for the internal energy has been discussed in Ref. [30] , this transformation was not given. The rest terms in both sides of Eq. (7) also should be equal, which means
This leads to
Substituting Eqs. (9) and (12) into the above equation, we have
where
Eq. (10), (14) and (17) are the transformations of the BP series reduction for the specific heat. The BP Y-∆ transformation corresponds to integrating the center spin, generating effective couplings
where 
where δf = e δF , j ij = e −Jij , and
where "cylc." means that j 31 , j 12 , b 2 , b 3 are related to those above by cyclic permutations of the indices 1, 2, 3.
The transformation for δU, j
The transformation for δC, j
Similar to the procedure in the Y-∆ transformation, we obtain the solution for δF, J 10 , ..., δU, · · · . Using the variables δf = e δF , j i = e −Ji0 , j ij = e −Jij , the solution for δF, J 10 , J 20 , J 30 is given by
The solution for δU, J 
with
. The solution for δC, J 
The transformation in each step is exact. The numerical accuracy is limited by machine's precision, which is the round-off error 10 −32 in the quadruple precision. The BP algorithm needs about N 3 steps to calculate the free energy of an N ×N lattice (much faster than other numerical method). Therefore the total error is approximately N 3/2 × 10 −32 . This estimation has been verified in the following way: We compared the results obtained using double precision, in which there are 16 effective decimal digits, and those using quadruple precision. Because the latter results are much more accurate than the formal, we can estimate the error in double precision results by taking the quadruple results as the exact results. We thus found that the error is about N 3/2 × 10 −16 . In our calculation, the largest size reached is N = 2000, the round-off error is less than 10 −26 .
III. CRITICAL INTERNAL ENERGY AND SPECIFIC HEAT ON THE SQUARE LATTICE WITH RECTANGULAR SHAPE
We calculate the internal energy and specific heat at critical point β c = In reference [33] , the critical internal energy density on the square lattice with rectangle shape has been studied. The internal energy was obtained by numerical differentiating the free energy, which was calculated by BP algorithm for the partition function. Although the accuracy of free energy is the machine precision, the accuracy of internal energy can only reach ∼ 10 −11 . The fitting parameters for the higher order terms for the internal energy are not accurate enough. In the best fitting, the authors can only fit the data up to the term 1/N 4 . More important, the accurate form of the fitting formula can not be determined. For example, the authors can not determine whether there exists a ln N/N 4 term or not. Using BP algorithm for the internal energy, the accuracy of internal energy can reach 10 −26 , so we can expand the internal energy to much higher order terms. More accurate expansion form can be determined.
A. Internal energy density
We fit the data of critical internal energy with the formula given by
with k from 1 to 13. The bulk value u ∞ is known to be √ 2 = 1.4142135623730950488016887 · · · [5] . Our fit of u ∞ is 1.414213562373095048801692(8) for ρ = 1, which is the worst among the five cases. The best one is 1.414213562373095048801689(1) for ρ = 2. From this one can see the accuracy of the estimation reaches 10
at least.
The leading correction is due to the edges. In the exact result of Au-Yang and Fisher [9] on the strip with two free edges, the edges' correction is obtained as − − ln π) ≈ 0.683158 [9] . As we can see in Tab. I, B 1 / √ ρ indeed approaches this limit as ρ increases.
Following the convention in the critical free energy, we write the coefficient of (ln S)/S as u corn . From the fitted u corn in table I, we conjecture that it equals to
which is independent of aspect ratio ρ, hence geometry independent. The accuracy of this result reaches 10 −16 , much higher than that in the previous work [33] .
The other parameters B 2 , B 3 , · · · are fitted and listed in Tab. I and II. We have tried other forms of formula to fit the critical internal energy. The logarithmic correction in higher order terms such as ln S/S 3/2 , ln S/S 2 , · · · are excluded clearly since their coefficients are extremely small if these terms are taken into account. Moreover the standard deviations of the fits with these terms are much larger than those without them.
B. Critical specific heat density
The data of the critical specific heat are fitted according to the formula
with k from 1 to 13. The leading term A squ 0 ln N is known from Onsager's exact result [5] , which reads
(40) Among the five aspect ratios, the worst fit gives A squ 0 ≈ 0.49453858953231911786503 (9) , which agrees with the exact result in the accuracy 10 −22 . Other fitted parameters are listed in Tab. III and IV.
The constant c 0 increases with the aspect ratio. For the strip case it is known that −c 0 (ρ = ∞) = ( [9] . c 0 approaches this limit as ρ → ∞ obviously, see Tab. III. However we have not obtained an analytical expression for the dependence of c 0 on ρ.
The term (M ln N + N ln M )/S is the next order correction. From the fit of c corn , listed in table III, one can see that it is independent of ρ. We conjecture that its exact value is given by
5245373853251001248(3). (41)
In the previous work it is given by c surf = 0.524529(3) [33] . Note that this term is absent in the torus case [8] and not mentioned in the infinitely long strip case [9] , but exists in the cylinder case with Brascamp-Kunz boundary conditions [13, 14] . The corner term c corn seems also independent of aspect 
The other parameters D 1 , D 2 , · · · are fitted and listed in Tab. IV. We have tried other forms of formula to fit the specific heat. The logarithmic correction in higher order terms such as ln S/S 3/2 , ln S/S 2 , · · · are excluded clearly since their coefficients are extremely small if these terms are taken into account. Moreover the standard deviations of the fits with these terms are much larger than those without them.
IV. CRITICAL INTERNAL ENERGY AND SPECIFIC HEAT ON THE TRIANGULAR LATTICE WITH FREE BOUNDARY
For the triangular lattice, we have studied five shapes: triangle, rhombus, trapezoid, hexagon and rectangle, as shown in Fig. 2 . Using the BP algorithm for the internal energy and specific heat, we obtain the critical energy density and specific heat for the five shapes at the exact critical point β c = 1 4 ln(3) = 0.274653072167 · · ·. The linear size N of a finite lattice is defined as the length of edges in the triangle, rhombus and hexagon cases, of which the length of edges are equal. For the trapezoid shape, the lengths of the three shorter edges are required to be equal and N is the length of the shorter edges.
For the rectangle, N is defined as the length of the bottom edge, and the number of layers is also required to be N . However, the actual geometrical vertical length is N √ 3/2. According to the finite-size scaling [1] , the system size should be the actual geometrical length, not the number of layers. Therefore the aspect ratio of the rectangle, we consider here, is √ 3/2 rather than 1. The area S, i.e. the number of spins on the lattice, is given by
for the triangle, rhombus, trapezoid, hexagon and rectangle shaped system, respectively.
A. Critical internal energy density
where p(N ) is the perimeter, which equals to 3N, 4N, 5N − 1, 6N, (2 + √ 3)N for the triangle, rhombus, trapezoid, hexagon and rectangle, respectively. This expansion is different from that for the triangular lattice with periodic boundary conditions [11] , in which there's no surface, corner terms, logarithmic corrections, and only even k presents. In addition there are logarithmic correction in higher order terms such as ln S/S 2 , ln S/S 5/2 , · · · , for the rhombus, trapezoid, and hexagon shapes, while such terms are absent for the triangle and rectangle shape. In the previous work [34] , we have found the logarithmic corrections in higher order terms in the critical free energy for the rhombus, trapezoid and hexagon shapes.
For triangle and rectangle-shaped lattices, we fit the data with k from 1 to 13. We find that there is no logarithmic correction in higher orders, i.e., u lk = 0. For rhombus, trapezoid and hexagon shape, we fit the data with k from 1 to 9. We find that there are logarithmic corrections in higher orders. The higher order logarithmic corrections begins from k = 4 as listed in Tab. VI.
The bulk value U ∞ is known to be 2 [7] . Our fit of U ∞ is 2.0 + (3 ± 9) × 10 −23 for the hexagonal shape, which is the worst among five cases. The best one is 2.0 ± 10 −25 for the triangle shape. From this one can see the accuracy of the BP algorithm reaches 10 −25 at least. The leading correction is due to the edges (or surfaces), which is unknown to our knowledge. We denote the surface internal energy per unit length of the edge along one bond direction by u surf , and that perpendicular to that direction by u ⊥ surf . For the triangular, rhomboid, trapezoid, and hexagonal shapes (see Table V and VI) , we have u surf = u surf . For the rectangular shape we have
, and
This is an interesting result because it means that the surface internal energy per unit length is symmetric for an edge along or perpendicular to an arbitrary bond direction. We conjecture that the exact value of the surface internal energy is given by
(45) Following the convention for the critical free energy, we write the coefficient of (ln N )/S as u corn . We denote the corner correction by u (γ) corn , where γ is the angle of the corner. Under the assumption that u corn is the sum of the corner's contributions, we have
From the Tab. V and VI, we obtain the corner term for the three angles
From this result, we can conjecture that the exact result of u
There is no logarithmic corrections in higher order terms for the triangular and rectangular shapes. In contrast there are such terms for the rhombus, trapezoid and hexagon shapes. With the help of much more accurate data, we confirm the finding in the previous work [34] that, for in critical free energy density, there is no logarithmic correction terms of order higher than 1/S for the triangular and rectangular shape, and there are such terms for the rhombus, trapezoid and hexagonal shape.
B. Critical specific heat density
The data of the critical specific heat are fitted using the following formula
where p(N ) is the perimeter. Compared with the expansion for the triangular lattice with periodic boundary conditions [11] , there are additional logarithmic surface term and corner term. For triangle and rectangle shape, we fit the data with k from 1 to 13. We find that there is no logarithmic correction in higher order terms, i.e. c lk = 0. Therefore there is no c lk in Tab VII. For rhombus, trapezoid and hexagon shape, we fit the data with k from 1 to 9. We 0.06(1) 0.037 (7) 15 (3) find that there are logarithmic correction in higher order terms. The higher order logarithmic corrections begins from k = 3 as shown in Tab. VIII. The leading term A tri 0 ln N is known from the exact result [11] , which reads
(48) Our fits, listed in Tab. VII and VIII, agree with the exact result at least in accuracy 10 −21 . The other fitted parameters are listed in Tab. VII and VIII as well.
The leading correction p(N ) ln N/S is caused by the edges. We denote the surface specific heat per unit length of the edge along one bond direction by c surf , and that perpendicular to the direction by c ⊥ surf . For the triangle, rhombus, trapezoid, and hexagon shape, we have c surf = c surf ; for the rectangle, we set c surf = (2c surf + √ 3c 
Note that this term is absent in the torus case [8] and not mentioned in the long strip case [9] , but exists in the cylinder case with Brascamp-Kunz boundary conditions [13, 14] . In addition, we conjecture that c surf = A tri 0 /3.
Following the convention for the critical free energy, we write the coefficient of ln N/S as c corn . We denote the corner correction by c (γ) corn where γ is the angle of the corner. Again, under the assumption that the total correction is the sum of all corners, we have In the previous section on the square lattice, we obtained the corner term c corn = 0.3709039421492394(2) for the rectangular shape with various aspect ratios. It is different from the present result −0.150040848081735954(3) for the rectangle-shaped triangular lattice. This indicates that the corner term of the specific heat depends on the microscopic structure of the lattice, thus is not universal.
V. SUMMARY AND DISCUSSION
We have developed the BP algorithm for the specific heat and made the BP algorithm for the internal energy completed. With these algorithm, we have studied the surface and corner quantities via a numerically exact approach on 2D lattices with free boundaries, which permits us to extract very precisely many terms in their asymptotic expansions, and sometimes even allows conjectures of their exact values. This work is a continuation of earlier works [33, 34] by the three of the present authors, but here addressing specifically the internal energy and the specific heat. There are two remarkable progresses comparing with previous work [33, 34] :
I. Some exact edge and corner terms are conjectured from the accurate numerical fits. For the rectangular shape on the square lattice, the exact edge term and corner term of internal energy and specific heat u surf , u corner , c surf , c corn are conjectured. From the results for various shapes on the triangular lattice, we conjectured the exact edge and corner terms u surf , u corn . These conjectured exact results imply that there should exist closed form analytical solutions for these cases with free boundaries.
II. The accurate forms of finite-size scaling for the internal energy and specific heat are determined. For the rectangular shape on the square and triangular lattice, there is no logarithmic correction terms of order higher than 1/S. For the triangle shape on the triangular lattice, there is also no logarithmic correction terms higher that 1/S. For the rhombus, trapezoid and hexagonal shape on the triangular lattice, there exist logarithmic correction terms of order higher than 1/S for the internal energy, and logarithmic correction terms of all orders for the specific heat. This property seems harmonic. The origin of these higher order logarithmic corrections are an interesting topic for the RG and CFT.
With Vernier and Jacobsen's analytical solution [28] , one can study the internal energy and specific heat. However this calculation has not been carried out. It should be interesting to compare the results obtained by their solution and our numerical results with the BP algorithm. 
